Abstract-In this paper, we consider dynamical systems with multiple modes of operation and state jumps. Within each mode, the dynamics are given by linear differential-algebraic equations (DAEs). State jumps can occur when in a fixed mode as well as when transitioning between modes. We refer to this class of hybrid systems as hybrid DAEs. Motivated by the lack of results to study invariance properties of nonsmooth DAE systems, we characterize the properties of the omega limit set of solutions to these systems and propose an invariance principle. To this end, we employ results allowing for decomposition of DAEs (and switched DAEs) into the so-called quasi-Weierstrass form and for the study of invariance of hybrid inclusions. The results are illustrated in examples.
Another commonly imposed assumption is that solutions are given by piecewise (right or left) continuous functions, so as to preclude the presence of impulses in the solutions at the times when switches occur. As stated in [7] in the context of switched systems, to deal with such impulses in the solutions, one approach is to consider distributional solutions or weak solutions; see, e.g., [4] , [8] . However, unless explicitly assumed, neither concept of solution leads to a set of solutions with the so-called sequential compactness property, which is key in the development of invariance-like results [9] .
In this paper, we propose a model of hybrid DAE systems that, when it satisfies certain mild conditions, has a set of solutions with structural properties enabling the development of invariance results. Building from results for switched DAE systems [4] , [10] , the proposed model allows for jumps when initial conditions are not consistent with the algebraic conditions. In fact, our model uses concepts from the literature of switched DAE systems to keep the special structure of the algebraic restrictions in DAE systems, in particular, the socalled consistency spaces and jumps driven by inconsistent initial conditions given by the consistency projectors [4] , [8] , [11] . Moreover, using results for hybrid systems [12] , the proposed model allows for jumps triggered by state conditions. Our model borrows the concept of solution and the invariance results for the class of hybrid systems in [12] , referred here as hybrid inclusions. More precisely, for the class of systems of interest (we consider linear dynamics during flows), using the general invariance results for hybrid inclusions in [13] , we determine the properties of omega limit sets of bounded and complete solutions, and establish an invariance principle. The invariance principle resembles the classical one for continuous-time systems. Due to the reasons pointed out above, current tools for asymptotic stability of switched DAE systems are not applicable when a candidate Lyapunov function is not strictly decreasing during flows [4] , [14] .
The remainder of this paper is organized as follows. Section II presents a motivational example. The required modeling background is presented in Section III. In Section IV, a description of hybrid DAE systems is presented, and is followed in Section V by a description of the proposed invariance principle for such systems. Section VI presents two examples where the definitions and results of this paper are exercised.
II. MOTIVATIONAL EXAMPLE Consider a switched DAE with two modes of operation determined by σ ∈ {1, 2} and dynamics
where ξ ∈ R 2 and
Let the switching signal σ : [0, ∞) → {1, 2} be a piecewiseconstant right-continuous function. Consider the function V (ξ, σ) = (E σ ξ) E σ ξ and note that, when σ remains constant, the change of the function V is given as follows:
• If σ = 1, thenV (ξ, 1) = 0.
• If σ = 2, thenV (ξ, 2) = −2ξ 2 2 . Since (1) for σ = 2 reduces toξ 2 = −ξ 2 , ξ 1 = 0 we have thatV (ξ, 2) = −2ξ 2 2 implies exponential stability of the origin during that mode. On the other hand, when σ jumps at time t s , the state ξ is mapped to a point in R 2 by ξ(t
, where the subsequent algebraic restrictions are fulfilled. (These maps are given by the socalled consistency projectors [4, Definition 3.7] .) Using the definitions of (E σ , A σ ) above, for changes from σ = 2 to 1 (i.e., σ + = 1), the consistency projector is given by Π 1 , while, for changes from σ = 1 to 2 (i.e., σ + = 2), the projector is given by Π 2 :
Then, the change of the function V (ξ, σ) is as follows:
, where we used the fact that ξ 1 = 0 if σ = 2.
Denoting by V + the value of V after the jump, the change of V during flows and jumps is given bẏ
Note that V is not strictly decreasing during flows or jumps. Depending on the law triggering the change of σ, solutions can either approach the origin or stay away from it for all time. In fact, if σ eventually remains at 1, then the solution would remain at a level set of V for all future time. Due to the nonstrict decrease of V during flows, asymptotic stability of the origin of (1) cannot be established using the tools in [4] , [14] for particular classes of switching signals. The main reason is the lack of a tool to characterize the omega limit set of bounded and complete solutions to (1) . In this paper, we propose an invariance principle that provides information about that set for systems of the form (1) with jumps on ξ and σ generated by a state-based model.
III. PRELIMINARIES

A. Modeling DAE systems
A switched DAE with linear flow is given by
where ξ ∈ R n , σ : [0, ∞) → Σ, Σ is a finite discrete set, and h is a sufficiently smooth function. To simplify the notation, we rewrite Equation (3) as
is regular. The matrix pencil sE σ − A σ is called regular if n = m and there exists a constant s ∈ C such that det(sE σ − A σ ) = 0, or det(sE σ − A σ ) is not the zero polynomial. The matrix pair (E σ , A σ ) and the corresponding DAE is called regular whenever (E σ , A σ ) is regular.
In order to define a hybrid DAE system, we define first some concepts regarding the linear subspaces where solutions of (4) belong. ) Given σ ∈ Σ, the consistency space for (4) is given by
systems, the consistency space is given by a linear subspace. The consistency spaces can be computed using the quasi-Weierstrass form (qWf) and the Wong Sequences, which are introduced in [15] . The Wong sequences are used to calculate the consistency and inconsistency spaces, which are calculated from the basis of the linear subspaces [4] , [16] . For a linear system (4) (with fixed σ), C σ is given by a linear subspace of R n (see, e.g., [4, Remark 2.2]). We can describe this consistency space as a set in R n as follows. Definition 3.3: (Consistency set). Given σ ∈ Σ, the consistency set for system (4) is 3 O σ := {ξ | ξ ∈ span(C σ )}. Given that, C σ is a basis with finitely many column vectors, the operator span over C σ leads to a closed set O σ .
A very useful transformation is the quasi-Weierstrass form (qWf) for regular matrix pencils (see [17] and references therein).
Theorem 3.4: (The quasi-Weierstrass form).
Given the regular DAE Eξ = Aξ + h as in Definition 3.1, there exist matrices S and T that transform (E, A) into the quasiWeierstrass form
for some J ∈ R n1×n1 and a nilpotent N ∈ R n2×n2 , where N n2 = 0, n 1 + n 2 = n, ς ∈ N is the smallest number such that N ς = 0, I n1 ∈ R n1×n1 and I n2 ∈ R n2×n2 are identity matrices, and the zero matrices have the proper dimensions.
Next, the consistency projectors, which are used to describe the explicit solution formula for switched DAEs in [18] , are defined. 
B. Modeling hybrid systems as hybrid inclusions
The hybrid system modeling framework employed here follows the concepts and definitions in [12] . A hybrid system is given by a hybrid inclusion of the form
where its data is given by a set C ⊂ R The flow map F defines the continuous dynamics on the flow set C, while the jump map G defines the discrete dynamics on the jump set D. These objects are referred to as the data of the hybrid system H, which at times is explicitly denoted as H = (C, F, D, G).
IV. HYBRID DAE SYSTEMS WITH LINEAR FLOW
In this section, we introduce a class of hybrid systems that models homogeneous DAE systems with jumps in the state triggered by state conditions. We refer to these systems as hybrid DAE systems and denote them as H DAE .
The state vector is given by
where Σ is a finite discrete set. The hybrid DAE system is given by
where
and 4 The matrix 0n 2 ∈ R n 2 ×n 2 is the zero matrix.
where O σ are the consistency sets, and Π σ are the projectors as in Definition 3.3 and 3.5. The sets C σ and D σ are subsets in R n that define where the evolution of the system according to F and G are possible, respectively. At jumps, the mapg σ defines the changes of ξ while ϕ σ determines the changes of σ. The set C σ ∩ O σ is the collection of points in R n+1 where the system is allowed to flow (since O σ is the set of points where flow is "consistent"). Also, the set D σ ∩ O σ is where state jumps according to g σ are allowed. Then, the data of H DAE on the state space R n × Σ is given by (E σ , C σ , f σ , D σ , g σ , ϕ σ ) . Note that O σ and Π σ are generated using E σ and f σ .
As pointed out above, solutions to H DAE can exist from any point in R n × Σ. At times, it might be desired to not allow for inconsistent initial conditions. For such situations, we introduce the following hybrid DAE system:
where, with g D given in (5f),
As in the hybrid systems description in [12] , we define solutions to hybrid DAEs using hybrid time domains. Therefore, during flows, solutions are parametrized by t ∈ R ≥0 , while at jumps they are parametrized by j ∈ N. More precisely: 
for some finite sequence of times 0 = t 0 ≤ t 1 ≤ t 2 ...
To define the solution concept for hybrid DAE systems, first we define a hybrid arc. A hybrid arc is a solution to a hybrid DAE system if it satisfies the system dynamics. More precisely:
(S1) (Flow condition) for all j ∈ N such that I j := {t : (t, j) ∈ dom φ} has nonempty interior
(S4) (Jump condition) for all (t, j) ∈ dom φ such that (t, j + 1) ∈ dom φ, φ(t, j) ∈ D and φ(t, j + 1) ∈ G(φ(t, j)). A solution φ is maximal if there does not exist another solution ψ such that dom φ is a proper subset of dom ψ and φ(t, j) = ψ(t, j) for all (t, j) ∈ dom φ. A solution φ is complete if dom φ is unbounded and precompact if it is complete and bounded. We will employ the range of a solution φ, which is denoted as rge φ, i.e., rge φ = φ(dom φ). Also, we denote the distance from a vector η ∈ R n+1 to a closed set A ⊂ R n+1 by |η| A , which is given by |η| A := inf y∈A |η − y|.
It is well known that inconsistent initial conditions in a switched DAE may induce impulses in the solutions. For this reason, it is common practice to impose certain restrictions on the data (E σ , A σ ) to ensure impulse free solutions (e.g., [4, Theorem 3.8]). In contrast to the solution concept of [4] and [8] , the solution concept in Definition 4.3 leads to impulse free solutions. This is due to the derivative of the solutions being computed in the interior of the intervals I j 's (without empty interior).
V. AN INVARIANCE PRINCIPLE FOR HYBRID DAE SYSTEMS
In this section, we present an invariance principle for hybrid DAE systems. Due to the sequential compactness property of solutions required for such a result to hold, the data of the hybrid DAE system will have to satisfy the following regularity properties.
Assumption 5.1: (Hybrid DAE basic conditions). Given
we have that (B1) For each σ ∈ Σ, C σ and D σ are closed sets; (B2) For each σ ∈ Σ, the related DAE (E σ , A σ ) is regular (see Definition 3.1); (B3) For each σ ∈ Σ, ϕ σ is a single valued function, g σ is outer semicontinuous and locally bounded relative to D σ ∩O σ , and D σ ∩O σ ⊂ dom g σ , where O σ is uniquely determined by the matrix pair (E σ , A σ ). Following [12] , we define the following notion of invariance.
Definition 5.2: (Weak Invariance) For the hybrid DAE system H DAE , the set M is said to be:
• weakly forward invariant if for each x 0 ∈ M, there exists at least one complete solution φ to H DAE from x 0 with rge φ ⊂ M.
• weakly backward invariant if for each x * ∈ M, N > 0, there exist x 0 ∈ M and at least one solution φ to H DAE from x 0 such that for some (t * , j * ) ∈ dom φ, t * + j * ≥ N , we have φ(t * , j * ) = x * and φ(t * , j * ) ∈ M for all (t, j) (t * , j * ), (t, j) ∈ dom φ;
• weakly invariant if it is both weakly forward invariant and weakly backward invariant. Given a complete solution to H DAE , we define its omegalimit set.
Definition 5.3: (ω-limit set) The ω-limit set of a complete solution φ : dom φ → R n , denoted ω(φ), is the set of all points x ∈ R n for which there exists an increasing sequence
of points (t i , j i ) ∈ dom φ with lim i→∞ t i +j i = ∞ and lim i→∞ φ(t i , j i ) = x. Every such point x is an ω-limit point of φ.
Lemma 5.4: (omega-limit set for H DAE ). Suppose that H DAE satisfies Assumption 5.1. Let φ be a precompact solution to H DAE . Then, ω(φ) is nonempty, closed, weakly invariant, and |φ(t, j)| ω(φ) → 0 as t+j → ∞, (t, j) ∈ dom φ.
Following [13, Theorem 4.7] , we consider locally Lipschitz functions V . The generalized directional gradient (in the sense of Clarke) of V at x in the direction v is given by V
• (x, v) = max ζ∈∂V (x) ζ, v , where, ∂V (x) is a closed, convex, and nonempty set equal to the convex hull of all limits of sequences ∇V (x i ), where x i is any sequence converging to x.
Theorem 5.5: (Invariance principle for H DAE ). Consider a H DAE given by (5) . Suppose the data (E σ , C σ , f σ , D σ , g σ , ϕ σ ) of H DAE satisfies Assumption 5.1. Let T σ and S σ be given by Theorem 3.4. Furthermore, suppose there exist a function V : R n+1 → R that is continuous on R n+1 and locally Lipschitz on an open set containing C, and functions u C : R n+1 → R and
Suppose that φ is a precompact solution to H DAE with initial condition
Moreover, suppose that K ⊂ R n+1 is nonempty and
then φ approaches the largest weakly invariant set in
for some constant r ∈ V (K).
6 Given a solution φ, the sequence {(t i , j i )} ∞ i=1 of points in dom φ is increasing if for i = 1, 2, . . ., t i + j i ≤ t i+1 + j i+1 . 7 For each σ ∈ Σ, n σ 1 and n σ 2 are given by n 1 and n 2 in Theorem 3.4, and the zero matrices have the proper dimensions. 8 The notation f −1 (r) will stand for the r−level set of f on dom f , i.e., f −1 (r) := {z ∈ dom f |f (z) = r}.
VI. EXAMPLES
To illustrate the use of the invariance principle for hybrid DAE systems, we first revisit the example in Section II. After it, we bring an example previously used in the context of switched DAE systems in [8] , [10] , [14] but with jumps triggered by states.
Example 6.1: (Motivational example revisited). Consider the H DAE system in (5), with the data given by (2) and g σ (ξ) = ξ, ϕ σ = 3 − σ, and C σ = D σ = R 2 × {σ} for σ ∈ {1, 2}. Computing the consistency spaces, S σ , and T σ , using the algorithm in [19] , we have
The resulting consistency sets are
Considering the same Lyapunov-like function from Section II, K = R 2 × {1, 2}, and functions u C :
we apply Theorem 5.5. Let x ∈ C:
Notice that (8a) and (8b) hold for u C and u D in (10a) and (10b) respectively.
Computing the sets involved in (9), we have
Then, combining these sets to compute (9), we get
Let r ∈ R. It follows that (9) is given by
From Theorem 5.5, every precompact solution to H DAE converges to the largest weakly invariant set inside M for some r ∈ V (K). This is a tight result as M is weakly forward invariant. In fact, there are precompact solutions φ to H DAE from M that have φ σ equal to one, in which case, φ remains in a level set of V (r = V (φ(0, 0)). There are also precompact solutions φ that start from initial conditions ξ 1 (0, 0) = 0 and ξ 2 (0, 0) 2 = r and stay there jumping. 
where δ > 0 and x = (ξ 1 , ξ 2 , ξ 3 , σ). Computing the consistency spaces, S σ , T σ , and the consistency projectors, using the algorithm in [19] , we have 
and n 1 1 = n 2 1 = 2. Thus, the consistency sets can be expressed as:
Consider the Lyapunov-like functioñ
where a = . Also, given r ∈ R, consider the region of interest given by the set
Let V : R 4 → R be a locally Lipschitz function that for points x ∈ Mr is given by V (x) =Ṽ (x) −r, and for
Also, consider the function u D : R 4 → R, that for points x ∈ D is given by
and the function u C : R 4 → R, that for points in x ∈ C is given by
Notice that (8a) and (8b) holds for u C and u D in (14) and (13) respectively. It is possible to show that if δ >δ (whereδ ≈ 0.498155243606), from Theorem 5.5, every precompact solution converges to the largest weakly invariant M , subset of V −1 (r) ∩ C ∪ ({0}, {1, 2}). Given that all level sets of V cross D 1 and system's trajectories stay in these level sets when flowing, all trajectories cross D 1 (This property is also true for D 2 ). Then, solutions revisit mode 1 periodically; consequently, jumps in (D 1 ∩ O 1 ) ∩ Mr occur periodically. Thus, by (13) implies that for each of those jumps there is a decrease in V . As a conclusion, every precompact solution to the system converges to the boundary of Mr or its interior if δ >δ. Also it is possible to show that when δ =δ all precompact solutions converge to the level set V −1 (r). For δ >δ and 0 < δ <δ the solutions are shown in Figures 1(a) and 1(b) respectively.
VII. CONCLUSION
In this paper, we consider hybrid DAE systems, which are dynamical systems with multiple modes of operation and state jumps. The proposed model borrows the concept of solution from hybrid systems theory, as well as concepts from switched DAE systems to include algebraic restrictions and jumps driven by inconsistent initial conditions. The properties of the omega limit set of a solution for these systems was characterized and an invariance principle was introduced. Examples show that the invariance principle can be applied to hybrid DAE systems in a similar manner as the one for continuous systems. 
